The dynamics of a fractionalized semi-linear scalar differential equation is considered with a Caputo fractional derivative. By using a symbolic operational method, a fractional order initial value problem is converted into an equivalent Volterra integral equation of second kind. A brief discussion is included to show that the fractional order derivatives and integrals incorporate a fading memory (also known as long memory) and that the order of the fractional derivative can be considered to be an index of memory. A variation of constants formula is established for the fractionalized version and it is shown by using the Fourier integral theorem that this formula reduces to that of the integer order differential equation as the fractional order approaches an integer. The global existence of a unique solution and the global Mittag-Leffler stability of an equilibrium are established by exploiting the complete monotonicity of one and two parameter Mittag-Leffler functions. The method and the analysis employed in this article can be used for the study of more general systems of fractional order differential equations.
Introduction
Fractional differential equations are those equations in which an unknown function appears under a fractional (or non-integer) order differentiation operator.
Interest in the applications of fractional order differential equations has been increasing steadily during the last few decades. Differential equations of fractional DOI: 10 .4236/am. 2017 . 811124 1716 Applied Mathematics (non-integer) order and the related fractional integrals have found applications in diverse areas such as chemistry, biology, physics, finance, pharmacology, electrical circuits, heat transfer, diffusion processes, material science, viscoelasticity etc. One of the main advantages of a fractional (non-integer) order derivative is that it provides a mechanism for the incorporation of memory and hereditary properties of various materials and phenomena and this aspect is briefly considered in the next section. While an integer order derivative of a function considers the local behaviour of the function, a fractional (non-integer)
order derivative depends on the previous history of the function values (see for instance the books and survey articles from [1] - [16] ).
Fractionalization of a dynamical system governed by integer order differential equations means a reformulation of such a system with a system containing one or more fractional order (non-integer order) derivatives. In the analysis of dynamical characteristics of a fractionalized system, we have to choose a suitable definition of a fractional derivative. In fractional calculus, there are several definitions (see the next section below) of a fractional derivative usually named after some pioneers of fractional calculus; to name a few we have Grunwald-Leitnikov, Riemann-Liouville, Weyl, Riesz and Caputo derivatives. In the case of integer order calculus, the derivative of a constant is zero.
We have a similar result for the Caputo derivative but not so in some other cases. Also in the case of initial value problems of integer order calculus, the initial values correspond to the respective initial values of the state variables and this is the case for the initial value problems with the Caputo fractional derivatives. However this is not the case with initial value problems with the Riemann-Liouville fractional derivatives. Riemann-Liouville derivatives are widely studied in the mathematical literature due mainly to the development of fractional calculus. We note that the fractional order Riemann-Liouville derivative of a constant is not zero. We remark that when the initial values of state variables are zero, the fractional Caputo derivative of a function is the same as that of the Riemann-Liouville dervative, under some smoothness of functions involved (see [17] ).
The purpose of this article is to formulate a fractionalized version of a simple dynamical system defined by a scalar semi-linear integer order differential equation. While there are many ways with which one can fractionalize an integer order differential equation, we propose one of the simplest methods by which an ordinary integer order derivative is replaced by a fractional (non-integer) order one (more details are presented in section 5 below) and then study the global existence of a unique solution along with the stability of its equilibrium solution when it exists. Our method is based on an application of a symbolic operational calculus to derive an analogue of the variation of constants formula well known in the theory of integer order differential equations. Such a variation of constants formula for the fractionalized initial value problem is shown to reduce to the well known formula of the integer order system when the fractional order I. K. C. Leung approaches an integer; we use the Fourier integral theorem for this purpose. We apply a novel method for the existence and stability of solutions by exploiting the complete monotonicity of the relevant Mittag-Leffler functions. In the opinion of these authors this appears to be the first time that such a method has been proposed in the study of the stability of fractional (non-integer) order differential equations; we remark that a comparison principle and the positivity of certain Mittag-Leffler functions have been used by [18] in their stability considerations of fractional differential equations.
Some Preliminaries
In this section we recall and collect for the convenience of the reader a number α → , the system has no memory of past states implying that it has no memory of its past history except the current one. We have already seen that when
, the system has partial or fading memory, in the sense that with each increment of the time the current state is given a maximum weight and the past states are given weights decreasing like that of the power law of the type t α − . We conclude our discussion of the memory effects of a fractional integral with the comment that the order of a fractional integral is an index of memory" (see [26] ) of the respective fractional operator and the order
interpolates between a perfect memory ( 1 α = ) and absolutely no memory ( 0 α = ) of the dynamic process.
Definition 2 The Caputo fractional derivative of order ,0 1 α α < < is defined by the operator ( )
We note that the Caputo derivative of a constant is zero as it is the case with integer order derivatives. One requires the integrability of the integer order derivative for the existence of the Caputo derivative. This is not the case for another fractional order derivative known as the Riemann-Liouville fractional
Riemann-Liouville derivative is more general and a function need not even be continuous for the existence of this derivative. We will not consider the Riemann-Liouville derivative in this article. It is found from the definitions of fractional derivatives, that the expressions of derivatives contain convolutional integrals with power law kernels; such convolutions account for the memory effects of the processes modelled by the fractional derivatives. The integer order derivatives have a local character whereas the fractional order derivatives have a non-local nature in the sense that the derivative at some value of the independent variable depends on the past history of the function values. This is one of the major differences of a fractional derivative from its integer order counterpart. As I. K. C. Leung has been examined by [27] in an article entitled Dead matter has memory. We will now show that the fractional order
indicates the strength of memory in the sense that when 1 α → − , the fractional order derivative tends to that of the integer order derivative which has no memory.
We shall briefly examine the behavior of
We suppose that ( ) 
Since the integrand in the integral of (4) is not singular, we have the following:
Thus if the fractional order α corresponds to the memory in the fractional derivative, such memory is lost when 1 α → − as the fractional derivative becomes an integer order derivative. It is not known to this author how to relax the restrictive requirement of the existence of the second integer order derivative in the above derivation of the limiting consistency of the fractional order derivative.
The well known rules for integer order differentiation such as the product rule and chain rule are not applicable for the fractional order differentiation; although such rules exist for fractional order differentiation in the form of infinite series, they are not as useful as in integer order differentiation. In integer order differential and integral calculus, derivatives can represent a rate of change, direction of increase or decrease of a function; an integral can mean an area under the graph of a function. Such interpretations are not applicable for fractional order derivatives and integrals. For the convenience of readers uninitiated in fractional calculus, this article is formatted in a self-contained fashion at the cost of minimal repetition.
One of the properties of fractional integrals we will use in the proof of the equivalence of a fractional differential equations and an associated fractional integral equation is the following semi group property of fractional integrals.
This is easily seen as follows: we first recall a relation between Beta and Gamma functions given by 
The proof of (8) 
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is a linear operator. Another important property of ( )
which we use later is that for
This can be verified as follows:
It is found from the above that J α is not a left inverse of C D
We shall now show that ( )
is the left inverse of ( )
. J α and this fact will be useful later in the conversion of a fractional order differential equation to its equivalent integral equation. First we will verify the following:
In fact we have from the definition of ( ) 
We let
Now operate on both sides of the above by ( )
and the proof is complete.
Throughout the following, we consider only the Caputo-derivative and we use for convenience the notation
Mittag-Leffler Functions
The exponential function
where λ is a constant appears naturally in the study of integer order differential equations due to the easily verifiable property,
In the study of fractional order differential equations, Mittag-Leffler functions (see [16] [28] [29] ) play a prominent role like that of the exponential functions in the case of integer order differential equations; It also serve as a tool for discrete fractional modelling (see [30] ) the one parameter Mittag-Leffler function ( )
with real parameter 0 α > is defined by means of a power series for complex z given by
with the Gamma function
where ( ) n γ denotes the Pochhammer symbol defined by
One can verify that the functions
are entire functions defined for all complex z by using the ratio test for convergence and the fact that the ratio of gamma functions satisfy an asymptotic estimation given by [31] ( )
Our analysis below requires Laplace transforms of fractional derivatives and
denote the Laplace transform of ( ) f t defined for 0 t ≥ and assumed to have a Laplace transform defined by
We derive a few known results on Laplace transforms which we will use below in the stability analysis of our fractionalized system.
We recall some elementary and known facts regarding Laplace transforms (see also [32] 
st x t x t t s t t s x t x
.
We consider the Laplace transform of the Mittag-Leffler function 
where ( ) 
We shall briefly consider the limiting case of the formula (21) 
A direct attempt to evaluate the limit of the right side of (22) as 1 α → − leads to an indeterminacy. We will follow an indirect procedure to evaluate this limit. We use the formula ( ) 
for a suitable function ( )
We note from (25) that the inner integral behaves like that of the Dirac delta function (see [35] ) and thus we can write (27) and obtain from (24) 
We will see below that 
which can be extended for complex s by analytic continuation. As before by using the Hankel-Bromwich contour, we can derive that for 0 1
where for
The complete monotonicity of ( ) 
( )
Thus we have that as t → ∞ for
on using the Euler's reflection formula
which indicates that the Mittag-Leffler function
decays for large values of t as a power law and the decay is not exponential as it will be in the case of integer order derivatives. We note that the asymptotic estimation in (46) can be rigorously justified by using Watson's lemma for loop integrals as discussed at the end of this article (see also for instance pp. 82-83 of [41] ).
A Variation of Constants Formula
One of the well known and widely used methods of studying initial value problems for integer order differential equations is by converting the differential system into an equivalent Volterra integral system; subsequently one studies the integral system equivalent to the original differential system. This method has been followed by many authors in the analysis of non-integer order differential systems. However the equivalence of the fractional order differential system and the corresponding integral system is not satisfactorily established in many cases as it has been pointed out in the survey article by [8] . In this section we derive a variation of constants formula for a semi-linear fractionalized version of a class of dynamical systems governed by a class of semi-linear differential equations. It is elementary to show that the solution of the initial value problem for the integer order system ( )
where , a b are real constants and ( ) 
The Equation (48) 
and the solution of (49) has the semi-group property ( )
e e e for , , , , .
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The solution of the fractional order initial value problem (50) and it is known that (see [42] )
As noted by Diethelm [2010] that the absence of a formula of the type e e e It is the purpose of this section to obtain a variation of constants formula of the type in (48) for the fractional dynamic system governed by the fractional order semi-linear initial value problem,
We will use a method of symbolic calculus for this purpose similar to that of Babenko's method (see Podlubny [1999] ). We apply the fractional integral operator J α to both sides of (53) so that on using (11) ( ) 
We can verify (58) as follows by using (9) 
The other identity 
By the continuity of ( ) . f , the complete monotonicity of ( ) 1 , 
t E at
then it is a solution of the the singular Volterra integral equation
and vice versa. The Formula (61) is the variation of constants formula for fractional order systems of the type (60). It is well known that if the forcing term is independent of the state variable, one uses the method of Laplace transforms to derive a formula similar to that of (61). We note that one can use the above procedure to derive a variation of constants formula for more general semilinear systems.
It is of some interest to examine whether the Formula (61) leads to the usual variation of constants formula of the integer order differential equation corresponding to the case 1 α = . We have already seen from (30) 
Proceeding as we examined the case of One of the methods used in the theory of integer order differential equations to establish the existence of globally defined solutions is based on an application of technique proposed by [44] . In this method one usually modifies a norm in a suitable Banach space and use the induced metric in the application of the well known contraction mapping principle. The modified norm is equivalent to the original norm and a contraction in the new metric is also a contraction in the original metric. This method has been used by several authors (see [9] [45] [46] [47]). 
for a suitable positive number λ which will be determined below. We remark that the norm . λ is equivalent to the usual supremum norm defined by . 
and every solution of (70) is a solution of (69). We can now proceed to formulate the following global existence of solutions of (69). 
from which it will follow that : F B B is a contraction and by the well known contraction mapping principle, : F B B has a unique fixed point which is a solution of (70) and hence that of (69). Since T is a positive, otherwise unrestricted number, the solution of (70) and hence that of (69) is defined on [ ) 0, ∞ . This completes the proof.
The asymptotic behaviour as t → ∞ of solutions of differential equations and the stability of equilibria of dynamic systems have been well studied in the case of integer order differential equations. There are several articles devoted to the general analysis of stability of equilibria of non-integer order differential equations (see for instance the articles by [23] [45] [46] [48]- [58] and applications of delay fractional differentail equations to epidemic analysis(see [59] [60]) The asymptotic behaviour of solutions of fractional order systems can be quite different from the corresponding integer order systems indicating a change in the asymptotic behavior of a fractionalized dynamic system from its integer order counterpart. For instance an unstable integer order system can become a stable one when the system is fractionalized; also new asymptotic behaviour not found in the integer order system can emerge in fractionalized 
